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We study the topology and geometry of a fermionic model on the honeycomb lattice with spin-
dependent hopping which breaks the time-reversal and charge-conjugation symmetries but preserves
their composition. We show that in such a case the Zak phases are topological invariants that
characterize the semi-metallic state at half-filling and determine the edge state structure. As the
strength of the spin-dependent hopping varies, the model shows several Lifshitz transitions corre-
sponding to creation and merging of multiple Dirac points. We discuss the possible realization of
this model in cold atom systems and propose experimental signals of detecting the Dirac points and
Pancharathnam-Berry curvature of the bands.
I. INTRODUCTION
There is much current interest in the topologically non-
trivial phases of fermionic bands, since such phases have
the potential of realizing quasi-particles with fractional
quantum numbers and statistics. The topological phases
of two dimensional insulators can be classified in terms
of the sum of the Chern numbers of the occupied bands.
The Chern numbers are the Pancharathnam-Berry (PB)
curvature field integrated over the Brillioun zone. They
are topological invariants as they do not change under
smooth changes of the hamiltonian parameters that do
not close the gap. The presence or absence of certain
discrete symmetries leads to a more detailed classification
of the possible phases1–3.
The PB curvature characterizes how the phases of
the single-particle wave-functions twist over the Brillouin
zone. The semi-classical Sundaram-Niu equations4,5 pro-
vide a nice physical interpretation of PB curvature as
magnetic field in momentum space. In the presence of an
external force, it induces the so called anomalous velocity
perpendicular to the external force. This leads to a Hall
conductance even in the absence of an external magnetic
field, a phenomenon dubbed the anomalous Hall effect.
The value of the Hall conductance is equal to the PB cur-
vature field integrated over the occupied states. When
the highest occupied energy band is partially filled the
system is called a topological Fermi liquid5. When the
Fermi level lies in the gap, the Hall conductance is the
sum of the Chern numbers of the occupied bands and is
hence quantized. Such systems are called Chern insula-
tors.
The PB curvature becomes singular at the points
where two bands touch due to the multivaluedness of
the wave-function like at the Dirac points. Since the
PB curvature is singular at the Dirac points, we refer to
them as Dirac punctures (DP) in the Brillouin zone. The
Chern-number of each band becomes ill-defined but the
sum of the Chern numbers of the two bands is still well
defined. If two bands touch and detach at DPs as some
hamiltonian parameter is varied, the Chern number can
redistribute between the bands leading to a transition
between two different topological phases. Several mod-
els with Dirac points6–9 and non-zero PB curvatures10–17
have been studied.
In this paper we investigate the non-interacting limit
of a model, the Kitaev-Hubbard model (KHUB)18 pre-
sented by the hamiltonian,
H = −
∑
〈ij〉
C†iσ
(tI + t′σα)σσ′
2
Cjσ′ + h.c.+ U
∑
i
ni↑ni↓
(1)
describes a system of fermions on a honeycomb lattice. i
labels the sites of a honeycomb lattice, σ the spin and α
the nearest neighbour link. There is a spin-independent
hopping term with strength t, a time-reversal breaking,
spin-dependent hopping with strength t′ and an onsite
repulsion term of strength U .
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FIG. 1. (color online) Honeycomb lattice has two sites per
unit cell with basis vectors pointed along the ~e1 and ~e2 direc-
tions. The lower site is consistently taken to be the sublattice
A and the upper sublattice B throughout this work.
The KHUB model was originally proposed18 as a way
to realize Kitaev’s honeycomb model19 in the large U/t
limit, t′/t = 1 and half filling. The model has been stud-
ied earlier in the regime 1 ≥ t′/t ≥ 0.56,20. At half filling
there is a chiral semi-metal phase at small U and a Mott
transition into an Algebraic Spin Liquid20 at large U . At
quarter filling there is a topological Fermi liquid phase
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2and transition into Chern insulator phase6. The transi-
tion occurs at t′/t = 0.717 at U = 0. As U is increased,
the critical value of t′/t decreases to 0.5 at U/t = 10.
We investigate the non-interacting limit, U = 0 in this
work. There are topological transitions in this regime
corresponding to creation and merging of DPs which oc-
cur at t′/t = 0, 1/
√
3,
√
3. It has been shown that these
features persist even at non-zero values of U21. We study,
in detail, the topology of the phases and the transition
between them. We also discuss the proposed experimen-
tal realization of the model in cold atom systems18 and
point out possible experimental signals of the topological
features.
In section II, we review the effects of the discrete sym-
metries on the PB curvature. We show that the PB phase
vanishes for insulators with particle-hole symmetry at
half filling. We then examine the topological features of
bands with DPs and particle-hole symmetry in detail in
section III. Here we explore the non-interacting hamilto-
nian of KHUB with periodic boundary condition (PBC)
and show the topological transitions that characterize
them. Further we study the model with open boundary
conditions (OBC) and discuss the edge currents. In sec-
tion IV we discuss the possible experimental realizations
of the model and its topological features. Following the
scheme proposed by Duan et. al.18 we present a deriva-
tion of the spin-dependent periodic potential that leads
to spin-dependent hopping terms in the hamiltonian. We
show that the multiple DPs can be probed using Bloch-
Zener oscillations and we present a semi-classical analysis
to show how the PB curvature of the occupied bands can
be detected. We summarise and discuss our results in
section V.
II. DISCRETE SYMMETRIES AND THE PB
CURVATURE
As mentioned earlier, topological phases of insulators
have been classified according to the presence or absence
of certain discrete symmetries1–3, namely time reversal
symmetry (TRS), charge conjugation symmetry (CCS)
and their composition which we call particle-hole symme-
try (PHS). In this section, these symmetries are briefly
reviewed and the constraints that are imposed on the
PB curvatures are examined for number-conserving, non-
interacting, 2-dimensional fermionic systems. The hamil-
tonian for such systems can be written as
H =
∫
d2k
(2pi)2
C†a(k)hab(k)Cb(k) (2)
where k goes over the Brillouin zone of a 2-dimensional
Bravais lattice, h = h† is the single-particle hamiltonian
and a, b = 1, . . . , NB label the sublattice and spin indices.
The single-particle hamiltonian of KHUB in Eq.(1), has
NB = 4 corresponding to two sublattice and two spin
orbitals in every unit cell. Setting t = 1, it can be written
as
hKHUB(k, t
′) = α† ⊗ Σ(k, t′) + α⊗ Σ†(k, t′) (3)
where α and Σ are 2 × 2 matrices in the sublattice and
spin space respectively.
α =
(
0 0
1 0
)
(4)
Σ(k, t′) = Pz + Pxeik1 + Pye−ik2 (5)
where k1 =
1
2kx−
√
3
2 ky, k2 =
1
2kx+
√
3
2 ky, kx = k·x, ky =
k ·y and Pα = 12 (I + t′σα). We denote the spectrum as,
h(k)un(k) = n(k)un(k), n = 1, . . . , NB . (6)
In terms of these single particle eigen-functions, the PB
vector potential, Ani (k) and curvature, Bn(k) are given
by
Ani (k) = i(un(k))†
∂un(k)
∂ki
, Bn(k) = ij∂iAnj (k). (7)
From the PB curvature, the Chern number
νn =
1
2pi
∫
d2k
4pi2
Bn(k). (8)
can be computed. Now we discuss effect of the discrete
symmetries on the energy bands and the PB curvature,
one by one.
A. Time-reversal symmetry (TRS)
The time-reversal transformation replaces particles
(holes) with momentum k by particles (holes) with mo-
mentum −k. It is an anti-unitary transformation which
we denote by T ,
T Ca(k)T = τabCb(−k), T †T = I, T iT = −i (9)
All transition amplitudes are invariant under this trans-
formation if there is a unitary matrix τ with τ2 = ±1
such that,
τ †h∗(−k)τ = h(k) (10)
Under the time-reversal transformation, Bn(k) =
−Bn(−k). Thus if it is a symmetry, then the Chern num-
bers, νn are all 0.
The KHUB satisfies the condition
h∗KHUB(−k, t′) = σyh(k,−t′)σy. (11)
Thus for time-reversal symmetry to hold the condition
in Eq.(10) needs to be satisfied for finite t′, implying
that the matrix σyτ has to anti-commute with all the
three Pauli matrices. Since such a matrix does not exist
for any t′, the model in general is not TRS. But at two
special points, t′ = 0 with τ = σy and t′ = ∞ with
τ = β ⊗ σy, where β anti-commutes with α and α† the
model preserves TRS.
3B. Charge conjugation symmetry (CCS)
The charge-conjugation transformation replaces parti-
cles with momentum k by holes with momentum k and
vice-versa. It is unitary transformation in the many-body
Hilbert space that we denote by C,
CCa(k)C = γabC†b (−k), C†C = I, CiC = i. (12)
All transition amplitudes are invariant under this trans-
formation if there is a unitary matrix γ with γ2 = ±1
such that,
γ†h∗(−k)γ = −h(k). (13)
If the system has CCS, then all the single particle en-
ergies come in pairs with n¯(k) = −n(k) and Bn¯(k) =
−Bn(−k). n¯ corresponds to the band index with nega-
tive of the energy of n. The positive and negative energy
bands have opposite Chern numbers. From Eq.(11) it
follows that the KHUB has CCS only at t′ = 0 (with
γ = β ⊗ σy) and at t = 0 (with γ = σy).
C. Particle-hole symmetry (PHS)
The particle-hole transformation which we refer to as
the composition T C replaces particles with momentum
k by holes with momentum −k and vice versa. Note
that the nomenclature is not uniform in the literature.
For example Schnyder et. al.1 refer to what we call CCS
as the particle-hole symmetry and what we call PHS by
“chiral” or “sublattice” symmetry.
The particle-hole transformation defined above is a
symmetry if
γ†τ †h(k)τγ = −h(k) (14)
The KHUB has PHS with τγ = β at all values of t′.
This symmetry is very common in condensed matter sys-
tems. It occurs in all bipartite lattices where the fermion
hopping is only from one sublattice to the other. PHS
implies that all the single particle levels come in pairs
with n¯(k) = −n(k) and Bn¯(k) = Bn(−k). The sum of
the PB curvature over the positive and negative energy
bands are equal to zero individually as the sum of the PB
curvature over all the bands is identically zero. Hence if
there is PHS, then∑
n(k)<0
Bn(k) = 0 =
∑
n(k)>0
Bn(k). (15)
Thus the total PB curvature vanishes for insulators with
PHS at half-filling.
III. TOPOLOGY OF BANDS WITH DP AND
PHS
In this section, we consider the case when the highest
negative energy band and the lowest positive energy band
touch at ND DPs, where ND is an even integer. We
denote the DPs by Kn, n = 1, . . . ND. We will show that
for systems with PHS at half filling the PB curvature is
given by,
B(k) =
ND∑
n=1
pnpiδ
2(k−Kn) (16)
where pn is the PB flux passing through Kn. Conse-
quently, the Zak phases22–24, ΦZ defined as
ΦZ =
∫
C
Ai(k)dki (17)
are topological invariants. These quantities are indepen-
dent of the contour C, provided it does not cross a DP.
They are completely determined by the position and in-
dices of the DPs. DPs lead to non-dispersive edge modes
and we will show that the wave-vectors of these edge
modes are determined by the Zak phases of the loops
that wind around the Brillouin zone.
PHS implies that in the basis where β is diagonal, the
single-particle hamiltonian is of the form,
β =
(
I 0
0 −I
)
, h(k) =
(
0 Σ(k)
Σ†(k) 0
)
. (18)
In general the two blocks defined above can have different
dimensions, say N and M , for example a bipartite lattice
with different number of A and B lattice sites. However
if N 6= M , there will be |N − M | zero eigenvalues at
every k, i.e. |N −M | flat bands. While this may have
interesting effects, we concentrate on the N = M case so
that we have an even number of bands, NB = 2N . It is
then convenient to replace the index a = 1, . . . , NB by a
pair (r, σ), r = A,B, σ = 1, . . . , N .
Using the fact that every matrix admits a singular
value decomposition, we express Σ as,
Σ = UAU
†
B (19)
where UA(B) are unitary matrices and  is a diagonal
matrix, nm = 
nδnm, 
n ≥ 0, n,m = 1, . . . , N . The
eigenvalues of the hamiltonian are then ±n, the eigen-
vectors being,
u±n =
(
UA|n〉
±UB |n〉
)
, h|n〉 = n|n〉. (20)
We can write UA(B) = e
iΩA(B)U˜A(B), where U˜A(B) are
SU(N) matrices with unit determinant. The PB vector
potential and curvature summed over all the negative
energy bands can be computed to be,
Ai(k) = 1
2
∂i (ΩA(k)− ΩB(k)) , (21)
B(k) = 1
2
(∂1∂2 − ∂2∂1) (ΩA(k)− ΩB(k)) . (22)
Thus B(k) can be non-zero only at points where Ω(k) =
ΩA(k) − ΩB(k) has a vortex type singularity. From
4Eq.(19), we see that NΩ is the phase of det Σ. Since the
matrix elements of Σ are smooth functions of k, Ω can be
multi-valued only at points where det Σ = 0. These are
precisely the DPs. Thus we have proved Eq.(16) show-
ing that the PB curvature for systems with PHS at half
filling is that of a set of vortices at the DPs. We also see
that det Σ(k) contains complete information of the topol-
ogy of the system. The zeros of the determinant are the
positions, Kn, of the vortices. PB flux passing through
Kn is Wnpi/N , where Wn is the winding number of the
phase of detΣ(k) around it. We discuss the topological
properties discussed above in the context of the KHUB
in the following sections.
A. Topology of KHUB with PBC
We now apply the above developed formalism to the
non-interacting hamiltonian KHUB which has PHS. It
exhibits nontrivial properties6 such as topological Lif-
shitz transitions and non-zero Chern numbers which we
discuss in detail here, with t fixed at unity.
The first and the second band of our four band hamil-
tonian overlap in the range 0 ≤ t′ < 0.717 beyond which
there is a non-zero gap between the bands at all k. Our
model also features multiple DPs whose number changes
as a function of the spin-dependent hopping parameter
t′. The transition points are seen at t′ = 0, 1/
√
3 and
√
3
(FIG.(2)). The location of the DPs can be determined
t
31/38DP 2DP 8DP0
4DP
FIG. 2. (color online) Number of DPs as a function of t′.
from the energy spectra as the values at which the eigen-
values (k) vanishes. At the DPs the wave-functions of
the two sublattices decouple and we get
Σ(k, t′)ψB = 0 (23)
We look for solutions in the k1 = k2 = q direction, which
imposes the condition on q to be
±t′
√
1 + 2 cos(2q) = 1 + 2 cos q. (24)
This condition is satisfied by (q, q) = ±Kg =
±(2pi/3, 2pi/3) for all t′. At t′ = 0, the graphene limit,
doubly degenerate DPs are located at Kg and −Kg sum-
ming up to a total of 4 DPs. With increasing t′, this
condition is satisfied by another value of q ∈ (0, pi). Thus
for 0 < t′ < 1/
√
3 there are a total of 8 DPs located at
±K given by
K = (2pi/3, 2pi/3), (q, q), (q, 2pi − 2q), (2pi − 2q, q) (25)
where the last two are related to (q, q) through the un-
derlying honeycomb lattice symmetry. At t′ = 1/
√
3, six
of these DPs merge in pairs at (pi, pi), (0, pi) and (pi, 0),
leaving only those at ±Kg. For t′ ∈ (1/
√
3,
√
3), there
are only 2DPs. At t′ =
√
3, six DPs emerge from (0, 0)
and move away from each other in the Brillouin Zone
with increasing t′. FIG.(3) shows the DPs for various t′.
The merging and emerging of the DPs, previously dis-
cussed in other systems in7,25–28, is a topological Lifshitz
transition25,26.
In order to examine the Lifshitz transitions, we em-
ploy either the density of states or the thermodynamic
consequences of the Fermi velocity, depending upon the
transition point in question. The density of states does
not change behaviour for the transition at t′ = 0. The
Fermi velocity, which varies linearly with t′ for t′ > 0
and is thus expected to vanish at t′ = 0, remains non-
zero and finite at that value. This should reflect in many
of the thermodynamic properties of the system, and thus
it can be used as a probe of this Lifshitz transitions.
The energy dispersion relation of the system for t′ ∈
[0, 1/
√
3) close to each of the DP is linear and is given by
 =
√
a(t′)q21 + b(t′)q
2
2 (26)
where q1 and q2 are small deviations away from the DP
and a(t′) and b(t′) are constants dependent on t′. The
density of states ρ(ω) thus varies linearly with the en-
ergy ω for all t′ except for the values at which the DPs
merge and emerge. At t′ = 1/
√
3, its behaviour changes
sharply, with the dominant contribution varying as the
square root of the energy. This is because, the dispersion
relation takes the form
 =
√
a(t′)q21 + b(t′)q
4
2 (27)
at (pi, pi), (0, pi) and (pi, 0) merging points for t′ = 1/
√
3.
On the other hand around the (0, 0) emerging point for
t′ =
√
3, the dispersion relation takes the form
 =
√
a(t′)q41 + b(t′)q
4
2 . (28)
thereby giving a constant and a linear contribution to the
density of states. Very close to ω = 0, however the con-
stant term dominates. This sharp change in the density
of states at t′ = 1/
√
3 and t′ =
√
3 makes it possible to
probe the Lifshitz transitions.
Information about the DPs as well as the PB curvature
of the system, as shown earlier, can be obtained from
the phase of det Σ(k1, k2). In FIG.(4), we plot this for
various values of t′. For t′ = 0.5, there are eight distinct
points around which the phase changes discontinuously
by a value of ±2pi corresponding to the DPs. On the
other hand, there are only two such points at t′ = 1.
At the DPs, as shown earlier the PB curvature B is
singular. Applying a small staggered mass term to in-
duce a gap at the DPs we compute the PB curvature
of the second band at two t′ values, shown in FIG.(5).
The PB curvature of the second band shows a peak
5FIG. 3. (color online) Pseudo color plots of the energy of the second band showing the DPs in the Brillouin zone for various t′.
FIG. 4. (color online) The phase of the determinant as a func-
tion of (k1, k2) for t
′ = 0.5 and t′ = 1. The phase changes
discontinuously at the white dots which represents the loca-
tion of the DPs.
at the DPs. Using the PB curvature B obtain the
Chern numbers, νn = −1 for n = 1, 4 and νn = 1 for
n = 2, 3. At half-filling, the total Chern number given
by ν = ν1 + ν2 vanishes, implying that the Hall con-
ductance also vanishes6,20. Remarkably, even though the
Chern number for the lowest and the highest bands are
both equal to −1, the Bn(k) for these bands is not neg-
ative for all values of k. This surprising result is true for
the other bands as well with the signs flipped appropri-
ately. FIG.(6) shows the PB phase as a function of fill-
ing for the lowest band, clearly depicting this behaviour.
A consequence of this behaviour, can be seen in optical
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FIG. 5. (color online) PB Curvature as a function of k1 and
k2 for two different t
′ values for the second band. The peaks
correspond to the location of the DPs. As we change the t′
the number of DPs in the system changes.
.
lattice experiments which shall be further discussed in
section (IV B 2). Thus the non-interacting KHUB with
PBC shows intriguing topological character.
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FIG. 6. (color online) PB phase as a function of filling for
t′ = 1. The PB phase is not negative for all values of the
filling. For some values it is positive reflecting that the PB
curvature of the band takes both positive and negative values.
B. Topology of KHUB with OBC
The properties of the KHUB that were discussed till
now are for PBC. We study the edge states in this model
in a cylindrical geometry with zig-zag edges. There are
zero energy edge states between the second and the third
band and chiral edge states between the bottom two and
the upper two bands. The number and the location of
the zero-energy edge states in the quasi-momentum di-
rection k change as a function of t′ which can be deter-
mined using the Zak phase22–24 around a closed contour.
There have been proposals to probe these phases in op-
tical lattices29.
At the graphene limit, t′ = 0, there are 2pi/3 con-
tinuous zero-energy edge states for each of the two spin
species for k ∈ (2pi/3, 4pi/3), making a total of 4pi/3
states. Here the Zak phase is +1 for k ∈ (2pi/3, 4pi/3),
and 0 elsewhere. For values of 0 < t′ < 1/
√
3 be-
tween these two limits the edge states are not contin-
uous, Fig:(7). The doubly-degenerate edge states in k ∈
(2pi/3, q) ∪ (2pi − q, 4pi/3) shift to k ∈ (2pi − 2k, 2pi/3) ∪
(4pi/3, 2k), respectively, forming unique states and thus
preserving the total number. On the other hand, for
1/
√
3 < t′ <
√
3, there are unique continuous edge states
for k ∈ (−2pi/3, 2pi/3). Beyond t′ = √3 again patches of
zero-energy edge states occur.
The edge states carry current due to the breaking of
time-reversal symmetry in the model. Using the Heisen-
berg equation of motion for the density operator and the
density-current continuity equation, we can compute a
general expression for the charge current between two
sites on each of the X, Y and Z links. From the current
along the Z link
JZ(i1, i2; i1, i2) = i
∑
µσ
a†i1,i2,σP
z
σ,µbi1,i2,µ − h.c., (29)
the average charge current for cylindrical geometry can
0 2 4 6
−0.2
−0.1
0
0.1
0.2
k
E(
k)
2pi−2q
0 2pi/3
q 2pi−q
4pi/3
2q
2pi
FIG. 7. (color online) The figure on the top panel is the
zoomed spectrum for the energy of the KHUB with OBC
showing the zero energy edge states. On the red solid lines
of the figure in the bottom panel, the Zak phase is +1 whose
correspondence to the existence of the edge states in the figure
on the top panel can be seen.
be computed
Jz(i1; i1) =
∑
i2
Jz(i1, i2; i1, i2) (30)
= i
∑
k2
∑
µσ
a†i1,k2,σP
z
σ,µbi1,k2,µ − h.c. (31)
Similarly the average current on the y link can also be
calculated. Using these expressions, we find that the to-
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FIG. 8. (color online) The total average charge current at
t′ = 0.5t and t′ = t. The current at the edges changes sign as
a function of t′.
tal average charge current explicitly involves the time-
reversal breaking spin-dependent strength t′. Thus the
existence of non-zero currents at the two edges of the
system in FIG.(8) can be attributed to a non-zero t′. At
t′ = 0 there is no current at the edges, as expected. As
t′ > 0 a non-zero edge current appears and is initially
negative at the left edge and positive at the right edge.
However, by t′ = 1 the signs of the currents on the two
edges have flipped. The sign of the edge current also de-
pends on which states are filled for t′ > 0.717. Since the
7chiral edge states have an opposite and larger contribu-
tion than those in the bulk, the edge current flips sign at
quarter filling when the former begins to fill, as shown in
FIG.(9).
0.05 0.3 0.55 0.8 10.01
0.11
0.21
0.31
0.41
0.5
t’
ν
 
 
−10
0
10
FIG. 9. (color online) The total average charge current for
an open tube of circumference L = 140 with zig-zag edges
for various t′. Note that the sign of the edge current changes
as a function for filling beyond the merging of the DPs at
t′ = 1/
√
3.
These rich topological properties of the model moti-
vates the study of realizing the model and the properties
in optical lattice experiments.
IV. EXPERIMENTAL REALIZATION
We study the realization of the model and the above
mentioned topological features in cold atom experiments
in the following sections. The model can be realized in
optical lattice systems as shown by Duan et al.18. We
systematically derive the hamiltonian in the next section.
We then discuss methods of probing the DPs using Bloch-
Zener oscillations and we propose a method to detect the
PB curvature in optical lattice systems.
A. Spin-dependent hopping in the honeycomb
lattice
The KHUB is a model on the honeycomb lattice with
spin-dependent hopping. There are multiple methods of
obtaining spin-independent hopping on the honeycomb
lattice30. For example, the required honeycomb lattice
can be generated by three intersecting laser beams at
an angle of 120◦ between them18,30. In this section, we
systematically derive the spin-dependent hopping on the
honeycomb lattice using the method suggested by Duan
et. al.18 which is different from that discussed earlier31.
Most fermionic optical lattice experiments are per-
formed using 40K atoms32. In the absence of external
magnetic field the 2S1/2 and the
2P1/2 levels of potas-
sium each split into two hyperfine levels. Two of the
hyperfine energy levels of 2S1/2 are much lower in energy
compared to levels of 2P1/2. FIG. (10) is a schematic of
the three level system formed by the low levels of 2S1/2
and a level of 2P1/2.
1ν 2ν
3
2
1
Energy Levels
∆
FIG. 10. (color online) Schematic of the effective hyperfine
energy levels of 40K. The gap ∆ is orders of magnitude larger
in energy compared to the lower energy levels32.
The lower two energy levels 1, 2 are separated from the
third 3 by a gap ∆ ≈ 0.3eV which is orders of magnitude
larger32 than the hopping parameter ≈ 10−13eV seen
in typical optical lattice experiments31. Two blue de-
tuned laser beams L1 and L2 excite virtual transitions
between the first and the third (1 → 3) and the second
and the third (2 → 3) levels respectively. Since these
virtual transitions are fast compared to the hopping of
the atoms, a local microscopic hamiltonian can be written
as
H =
∫
d2x
2∑
i=1
iC
†
i (x)Ci(x) + ∆C
†
3(x)C3(x)
+
2∑
i=1
giC
†
3(x)ai(x, τ)Ci(x) + h.c. (32)
Here i represents the energies of 1 and 2. Ci is the
atomic creation operator for the i-th energy level at x.
The last two terms in the above expression arise due to
the interaction of the atom with the laser beams. The
wavelengths of the laser beams is such that it only causes
transitions from the energy levels 1 and 2 to the energy
level 3 with g1 and g2 representing the strength of these
transitions respectively and ai(x, τ) represents the elec-
tromagnetic field. The effective two-level system can be
obtained by integrating out the third energy level. The
action S in the path integral formalism for the three level
system can be written as
S = −
∫
dτ
(
3∑
i=1
C†i (x)∂τCi(x) +H
)
. (33)
8Integrating the third energy level we obtain the effective
action of the two-level system as
Se =
∫
dτdτ ′
∫
d2x
2∑
i,j=1
C†i (x, τ)Gij(x, τ, τ
′)Cj(x, τ ′)
(34)
where the matrix G is given as
Gij(x, τ, τ
′) = ∂τδij + i(x)δij
+ gigja
∗
i (x, τ)〈τ |
1
∂τ + ∆
|τ ′〉aj(x, τ ′)
(35)
Since the beams are monochromatic, the electromagnetic
fields can be written as ai(x, τ) = e
iνiτ b(x), where νi is
the frequency of transition from the i-th, i = 1, 2, energy
level to the third energy level. This is clearly seen in
FIG.(10). Thus the effective new G matrix is given by
Gij(x, τ, τ
′) = ∂τδij + i(x)δij +
gigj
∆
b∗i (x)bj(x). (36)
The two low-lying energy levels labelled 1 and 2 can be
represented by pseudo-spin indices σ = −1 and σ = +1
respectively. The effective potential seen by the pseudo-
spins is given as
V σσ
′
s (x) = gσgσ′b
∗
σ(x)bσ′(x). (37)
When N laser beams of varying intensities and directed
along the wave-vectors kn are incident on this effective
two-level atom, the field can be written as
b∗σ =
∑
n
anσ sin(kn · x) (38)
with the condition 〈a∗nσan′σ′〉 = δnn′〈a∗nσanσ′〉. This im-
plies that the fields arising due to different laser beams
are independent. The effective potential which depends
on the spin becomes
V σσ
′
s (x) = gσgσ′
∑
n
sin2(kn · x)a′∗nσa′nσ′ . (39)
Thus the spin dependent potential can be varied by tun-
ing the laser beams L1 and L2.
The spin-dependent potential on the honeycomb lat-
tice can be generated by tuning three lasers with differ-
ent strengths oriented along the three directions X, Y
and Z, at an angle of 120◦ relative to one another18,30,
FIG.(1). The L1 laser beam is sufficient to generate a
spin dependent coupling on the Z link, aZ↓ = 0. The
lasers L1 and L2 directed along X and Y with a relative
phase difference are required to generate the couplings
along these directions. Thus we have g↑aX↑ = g↓aX↓ and
g↑aY ↑ = ig↓aY ↓ respectively for the X and Y directions.
We now write the potential as a sum of spin-independent
and spin-dependent parts,
Vs(x) = V (x)I+B(x) · σ (40)
where B(x) is the effective space dependent magnetic
field generated by the laser beams. Its individual com-
ponents can be written as
Bx(x) = g
2
↑|a′x↑|2 sin2(kX · x) (41)
By(x) = g
2
↑|a′y↑|2 sin2(kY · x) (42)
Bz(x) =
1
2
g2↑|a′z↑|2 sin2(kZ · x) (43)
where kX,Y,Z is the wave-vector along X,Y and Z re-
spectively. The spin independent potential V (x) can be
written as
V (x) = g2↑|a′x↑|2 sin2(kX · x) + g2↑|a′y↑|2 sin2(kY · x)
+
1
2
g2↑|a′z↑|2 sin2(kZ · x) (44)
This shows that the spin-independent part V cannot be
tuned individually as it is coupled to B(x). So we add
an additional spin-independent potential V σσ
′
h (x) which
can be tuned without affecting the spin-dependent part.
Now the wave-function of the atom in the spin-dependent
honeycomb lattice potential follows the time-independent
Schro¨dinger equation of the form(
p2
2M
δσσ′ + V
σσ′(x)
)
ψσ′(x) = Eψσ(x) (45)
where V σσ
′
(x) = V σσ
′
h (x)+V
σσ′
s (x) is the total potential.
The wave-function of the atoms can be expanded in terms
of atomic orbitals φα(x − xi) which are localized in the
αth sublattice of the i-th triangular Bravais lattice, that
is
ψσ′(x) =
∑
iα
dσ
′
iαφ
σ′
α (x− xi). (46)
This allows us to compute the hopping parameter as
tσ
′σ
iαjβ =
∫
d2x φ∗σβ (x− xj)
(
p2
2M
+ V σσ
′
(x)
)
φσ
′
α (x− xi).
(47)
Eq. (2), with the hamiltonian Eq.(3), is applicable when
the nearest neighbours provide the dominant contribu-
tions to the hopping. Thus we need i = j ± 1 for the X
and Y links and i = j for the Z link with α 6= β. Once
we obtain the spin-dependent hopping the onsite interac-
tions between the atoms in the optical lattice systems can
be created by Feshbach resonance30. At very large inter-
actions both the Kitaev-Heisenberg model6,18,20,33 and
the isotropic Kitaev model19 can be obtained. Thus the
anisotropic Kitaev model can be obtained by tuning the
strengths of individual laser beams, and this model can
be further mapped onto the toric-code hamiltonian34.
9B. Probing the topological properties of the model
1. Locating the DPs: Bloch oscillations
Recently an experimental method to probe the DPs
using Bloch-Zener oscillations35,36 was suggested by Tar-
ruell et al.11, whereas a detailed method of numerically
simulating such oscillations was discussed by Uehlinger et
al.37. Here we probe the DPs in our model using Bloch-
Zener oscillations.
At time T = 0, the tight binding Kitaev-Hubbard
hamiltonian with a staggered potential and in the pres-
ence of a harmonic trap is given by
H0 = −
∑
<ij>
C†iµ
(tI + t′σα)µν
2
Cjν +
W
2
∑
i∈A
ni
− W
2
∑
i∈B
ni +
∑
i
(γxx
2
i + γyy
2
i )ni (48)
Here W is the strength of the staggered onsite potential,
γx and γy are the strengths of the harmonic trap in the
eˆ1 and eˆ2 directions, while xi and yi represent the spatial
coordinates of the ith lattice site which are measured in
terms of the lattice parameter a.
We calculate the n-particle many body ground state
|ψ(0)〉 for this hamiltonian and evolve it using the total
hamiltonian H = H0 +Hint. Here the interaction term
is that of an external force field of magnitude F along fˆ
on the lattice, and is given by
Hint = F
∑
i
fˆ · rˆi (49)
where rˆ = (x, y) is the position vector of the lattice site.
The Schro¨dinger evolution is
|ψ(τ)〉 = e−iHτ |ψ(0)〉 (50)
where τ is measured in terms of the Bloch oscillation
time period TB = 2pi/F . We choose 2 × 1202 lattice
sites in order to prevent the cloud from ever hitting the
boundary. At every time step we measure the projection
of the Fourier-transformed many-body density matrix on
to the density matrix of the single-particle bands in the
presence of the staggered potential,
Pn(k1, k2, τ) = |〈χn|k1, k2〉〈k1, k2|ψ(τ)〉|2. (51)
Here |χn〉 is the single-particle eigen-state of the n-th
band of the non-interacting hamiltonian with staggered
mass. It is possible to project the density matrix because
we have assumed that the trap potential varies slowly
so that the single-particle bands do not change in the
presence of the trap.
We also compute probability amplitude per particle
Pn(τ) =
1
N
∫
d2k
4pi2
Pn(k1, k2, τ) (52)
where N is the number of particles in the system.
The quasi-momentum distribution of the particles clearly
shows a sudden reduction in the density when a DP is
encountered which gives us a method of probing them in
experiments.
We study the quasi-momentum distribution for t′ = t
and t′ = 0.5t. In FIG.(11) the quasi-momentum proba-
bility amplitude (in the orthogonal coordinates (kx, ky))
of 187 particles in the second band for various instances
during one Bloch oscillation is plotted. The parame-
ters are t/h = 589Hz, t′ = t, F/h = 80Hz, γx,y/h =
[0.01, 0.01]Hz, W/h = 2Hz and fˆ = eˆ1+eˆ2. The probabil-
ity amplitude Pn(kx, ky, τ = 0) initially localized around
the origin, moves along the kx direction and encounters
a DP at location (−4pi/3, 0) at time τ = 0.27TB . On
further evolution the DPs at (4pi/3, 0) is probed finally
returning to the center of the Brillouin zone after one
oscillation. There is a transfer of particles to the higher
bands close to the DPs as seen in FIG.(13) where we have
plotted Pl(τ) = P1(τ)+P2(τ) and Pu(τ) = P3(τ)+P4(τ).
The two peaks in the figure corresponds to the DPs seen
from the quasi-momentum distribution. The inset shows
the probabilities for individual bands, with transitions
occurring between each of the successive bands.
In contrast with the above situation, we show in
FIG.(12) the Bloch-Zener oscillation of 256 particles at
t′ = 0.5t keeping the rest of the parameters unchanged.
At this t′ and in this direction the system has four DPs,
all of which are probed at different times by the cloud.
There is a transfer of amplitude when the state passes
through each of the four DPs.
In FIG.(13) we plot Pl(τ) and Pu(τ) for t
′ = 0.5t. The
lower band only shows two peaks even though this sys-
tem has four DPs. This is because we have been unable
to resolve the transfer at each of the four DPs to high ac-
curacy which is obtained only when there is a reasonable
fraction of the cloud in the second band at time τ = 0.
This requires a large number of particles in the cloud,
increasing its width in momentum space. This decreases
the resolution of the DPs, and can only be circumvented
by increasing the size of the system, which is limited by
currently available computational power to us.
No DPs are encountered when we apply the force field
in the eˆ1 =
1
2 xˆ −
√
3
2 yˆ direction or the eˆ2 =
1
2 xˆ +
√
3
2 yˆ
direction. The quasi-momentum distribution for the sec-
ond band corresponds to the second Brillouin zone in the
momentum distribution obtained in optical lattice exper-
iments. Thus from the above discussion, we see that the
DPs can be probed in such experiments.
2. Signal for PB curvature: Rotating condensates
In this section we propose a method of measuring the
PB curvature in optical lattice experiments different from
methods proposed previously29,38. The hamiltonian in
optical lattice experiment is generated as given in Eq.
(48). Then using time of flight experiments which are
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FIG. 11. (color online) The quasi momentum distribution of the second band for Bloch-Zener oscillations as a function of
(kx, ky) at t
′ = t resulting from a force acting along the eˆ1 + eˆ2 = xˆ direction. Total number of particles considered is 187.
FIG. 12. (color online) The quasi-momentum distribution of the second band for Bloch-Zener oscillations as a function of
(kx, ky) at t
′ = 0.5t resulting from a force acting along the eˆ1 + eˆ2 = xˆ direction. Total number of particles considered is 256.
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FIG. 13. (color online) Pl(τ) is plotted in blue and Pu(τ) is
plotted in red for the parameters in FIG.(12). In the inset we
have the individual amplitudes for all the bands.
the standard methods of imaging in optical lattice exper-
iments, we study the density profiles of the atomic cloud.
Here all the external potentials are switched off suddenly
following which the atomic cloud is allowed to expand
ballistically, the atoms now behaving as free particles.
Images of the cloud at various intervals of time shows how
the density distribution changes as the cloud expands. If
the system initially had non-zero PB curvature, then the
cloud along with expansion, rotates thereby probing the
PB curvature.
To understand the density profiles we first review the
Sundaram-Niu4 equations (SNE) and then the Thomas-
Fermi approximation for a many-fermion system to ad-
dress the problem of rotating condensates.
The Sundaram-Niu equations4 govern the classical dy-
namics of a wave packet restricted to the band with mo-
mentum space width small compared to that of the Bril-
lioun zone and a real space width small compared to the
applied external field. These wave packets therefore have
a width in real space that is large compared to the lat-
tice spacing but small compared to the scale of the vari-
ation of the external fields. The equation of motion of
the Bloch electron for two dimensional systems in the
absence of magnetic field are
x˙i =
1
~
∂(k)
∂ki
+ B(k)ij k˙j (53)
~k˙i = −∂V (x)
∂xi
(54)
where (k) is the energy in the absence of external fields,
B(k) is the PB field and V the external potential. Thus
B(k) induces a force-dependent anomalous velocity.
The Sundaram-Niu equations describe the wave-packet
dynamics for a single particle. In optical lattice experi-
ments, the many body dynamics of the atoms needs to be
considered for which we use the Thomas-Fermi approx-
imation. This approximation assumes that the ground
state is described by a phase-space particle density that
incorporates the Pauli exclusion principle. The number
of fermions in a phase-space volume d2xd2p around the
point (x, p), ρ˜(x, p) can be written as
ρ˜(x, p) =
1
(2pi~)2
Θ(F − h(x, p)) (55)
where F is the Fermi energy level and h(x, p) is the single
particle hamiltonian given by
h(x, p) = (p) + V (x). (56)
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The initial particle density of the cloud can be calculated
from Eq.(55). We now allow the cloud to expand freely
and by using time of flight experiments the density at
various times can be computed using Liouville’s theorem.
The Thomas-Fermi approximation can be extended to
multiple bands if the bands are well separated and if the
applied external potential varies slowly enough to pre-
vent interband transitions. Thus, the total phase space
density is the sum of the phase space densities for first
band and second bands. Additionally the Thomas-Fermi
approximation fails when there are DPs in the system.
The above formalism can be applied to our multi-band
model since the bands are well separated. A slowly vary-
ing external potential is applied and the inversion sym-
metry is broken to open up a gap at the DPs. We use
the same parameters as in37. The system is confined by a
rotationally invariant external harmonic potential V (R),
where
V (R) = γxX
2 + γyY
2 (57)
and γx =
1
2{mω2xt(λ/
√
3)2}, γy = 12{mω2yt(λ/
√
3)2} and
X,Y are the dimensionless spatial coordinates of the lat-
tice sites. Here λ = 1064 nm is the wavelength of the
laser beam, ωxt = ωyt = 40pirad/s is the trapping fre-
quency of the potential, m is the mass of the 40K atoms
and t/h = 580 Hz is the nearest neighbour hopping pa-
rameter. A staggered mass term W/h = 0.1 Hz is added.
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FIG. 14. (color online) Particle density plot as a function of
R for t′ = 0.5t and t′ = t.
FIG.(14) shows the variation of the number density of
the cloud with distance R for both t′ = 0.5t and t′ = t.
At R = 0 it reaches a maximum since the trap potential
is zero there. Away from R = 0, the total energy of each
of the bands increases by V (R), reducing the number of
occupied states lying below µ = 0 and thus decreasing the
density. At t′ = t there is a plateau where the density
has a constant value of 1. The plateau occurs due to
the energy gap between the second and the first band.
The size of the plateau decreases depending on the size
of the gap between the two bands. Below t′ = 0.717, the
first and the second bands overlap and hence we see a
continuous change in the density as seen from the plot
for t′ = 0.5t.
In FIG.(15), we see that the PB phase of the occupied
bands is zero at the center R = 0, since the Chern number
of the contributing bands are equal and opposite. Away
from the centre the trap potential reduces the number of
occupied states below µ = 0, decreasing the PB phase
as a consequence. A minima is reached when the only
contributing band is the lowest band after which the PB
phase increases and reaches a value of zero when all the
bands are empty. At t′ = t, the PB phase also shows a
plateau similar to that of the density whereas at t′ = 0.5t
the PB phase changes continuously. At t′ = t, there are
kinks where the PB phase is lesser than −1 and greater
than 0. The kink appears because the PB phase of the
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FIG. 15. (color online) PB phase as a function of R for t′ =
0.5t and t′ = t.
band is not entirely positive when the Chern number is
+1 and vice-versa. To illustrate this we plot, in FIG.(6),
the PB phase of first band as a function of the filling
factor.
From the Thomas Fermi approximation, the velocity of
the cloud can be computed and is as shown in FIG.(16).
The velocity is zero where the PB phase is zero. The
direction of the velocity at the boundary changes due
to the change in the sign of the PB phase as shown in
FIG.(6). From the velocity, the total angular momentum
FIG. 16. (color online) Velocity vector measured in m/s as a
function of X and Y for t′ = 0.5t and t′ = t.
density per particle L can be computed and is found to
be ≈ 12~ for t′ = t and ≈ 6~ for t′ = 0.5t. This value is
large compared to the value obtained in bosonic optical
lattice experiments39, and thus should be observable in
such experiments.
The evolution of the cloud density after the traps have
been switched off can be computed using Liouville’s the-
orem. At various times the cloud rotates as it expands as
seen in FIG.(17). This rotation strongly indicates a non-
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FIG. 17. (color online) Density profiles as a function of X,Y
for t′ = t at different times. Lines are drawn in the above
figures to show the rotation of the cloud as a function of time
due to non-zero PB curvatures.
zero PB curvature. The cloud also inherits the hexagonal
structure of the underlying honeycomb lattice as it ex-
pands.
V. CONCLUSIONS AND DISCUSSION
To summarize, we have analyzed a fermionic model on
the honeycomb lattice with spin-dependent hopping that
breaks time-reversal symmetry but preserves the particle-
hole (chiral/sub-lattice) symmetry, the Kitaev-Hubbard
model. The model has DPs and is a semi-metal at half
filling. We show that the particle-hole symmetry implies
that the total PB curvature vanishes everywhere on the
Brillioun zone at half filling. Consequently, the general-
ized Zak phases are topological invariants that are wholly
determined by the positions and chiralities of the DPs.
We show that all this information about the topology is
contained in the determinant of a matrix Σ(k) defined in
Eq.(5). We also numerically show that the structure of
the non-dispersive edge states are determined by these
topological invariants.
Multiple DPs exist in this model and as the strength
of the spin-dependent hopping parameter, t′, is varied,
topological Lifshitz transitions occur where the DPs are
created and merge. At t′ = 0, the model is same as
graphene and there are 4 DPs. As soon as t′ changes
from zero, there is a transition from 4 to 8 DPs. As t′
increases the DPs migrate over the Brillioun zone and
pairwise merge at (0pi), (pi, 0) and (pi, pi), resulting in a
transition 2 DPs at t′ = 1/
√
3. At t′ >
√
3, there is
again a transition to 8 DPs which now emerge from (0, 0).
The signal of these transitions can be seen in the density
of states and in the edge state structure. The effect of
broken time reversal symmetry of this model can be seen
from the existence of the charge currents at the edges of
the system. We observe that the edge currents change
sign near the transitions.
A scheme to realise spin-dependent hopping in cold
atom systems was proposed by Duan et al18. We have
analyzed their scheme and have provided a systematic
derivation of the low energy effective spin-dependent pe-
riodic potential which leads to the spin-dependent hop-
ping matrix elements in the tight-binding model.
Finally, we have examined experimental signals of the
topological and geometric features of the model realized
in cold atom systems. We have shown that Bloch-Zener
oscillations in our system probes the location of the DPs
and can hence be used to observe the creation, migration
and the merging process. The confining trap breaks the
particle-hole symmetry and makes the PB curvatures of
the bands observable. We have shown that the effect
of this is seen in the rotation of the expanding cloud
when the trap is removed. For realistic atomic and trap
parameters, we have shown that this provides a clear
signal in time of flight experiments.
In conclusion, while the Kitaev-Hubbard model was
initially proposed18 to realize Kitaev’s honeycomb model
at large U and half filling, our work6,20 shows that it con-
tains rich physics at all parameter ranges. At half filling,
intermediate and large U , there are phases with mag-
netic order and a transition to an algebraic spin liquid20.
At small to intermediate U it shows a very interesting
phenomena of creation, migration and merging of DPs21.
We have also shown that at quarter and three quarter
filling, there is a Chern insulating phase which indicates
that there could be fractional anomalous quantum Hall
states when the bands are partially filled. We feel that
all these theoretical results strongly motivate attempts
to physically realize the model.
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